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Chronological Summary
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șȗȗȜ Steady Solutions of a Coupled KdV System
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șȗȗȞ-șȗȘȗ Exponential Asymptotics and Gravity-Capillary Waves
șȗȗȞ-șȗȘȗ Ļe Existence and Non-Existence of Waveless Ships

Ļis is an abridged version with descriptions of recent projects only!
Ļe full summary can be found at www.ptrinh.com

Research Interests

A vast portion of current research on scientiŀc phenomena
lies on the boundaries between different physical theories or
different mathematical models—classical and quantum, rays
and waves, linear and nonlinear, laminar and turbulent, and
so on. Mathematically, these boundaries are often posed
as questions in physical (often singular) asymptotics—the
study of limits. Ļis is my area of interest.

In the broadest sense, my goal as an applied mathe-
matician is to develop analytical and numerical methodolo-
gies for the study of ordinary and partial differential equa-
tions. In particular, I’ve taken a recent interest in problems
in łuid mechanics which involve the breakdown of tradi-
tional asymptotic analysis, subsequently requiring the use of
asymptotics beyond all orders.

For example, in the study of nonlinear free-surface łows,
the relative intractability of the surface equations generally
requires consideration of the solution as a perturbative ex-
pansion,

S =
∞∑

n=0

ϵnSn,

which depends on the limit of some small parameter, ϵ tend-
ing to zero. But the limit ϵ → 0 is often singular and dif-
ŀculties arise; the series S is divergent and consequently by
the Stokes Phenomenon, exponentially small terms can sud-
denly appear and disappear in the analytic continuation of
the problem. Ļe body of methods that are developed for
their study is called exponential asymptotics or asymptotics be-
yond all orders, and applications of these special techniques
have been found in diverse problems, ranging from models
of crystal growth and viscous ŀngering [Ș], to the onset of
turbulence [ș] and the study of free-surface łows [ț].

Ļe Existence & Non-Existence of Waveless Ships
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Figure Ș: Asymptotic expansions in powers of the Froude number fail to
capture waves present on the free surface. Ļe key idea is that a Stokes line
emerges from the corner singularity, across which an exponentially small
wave turns on.

When an ideal łuid łows past a surface-piercing object
or over an obstruction, waves are sometimes produced up-
stream or downstream of the disturbance. But in the low-
speed limit, the traditional asymptotic series in powers of the
Froude number fails to capture this phenomenon—this is
the so-called Low-Speed Paradox ŀrst mentioned by Ogilvie
[Ȝ]. It is now known that at low Froude numbers, the waves
are in fact exponentially small and thus beyond-all-orders of
regular asymptotics; their formation is a consequence of the
divergence of the asymptotic series and the associated Stokes
Phenomenon.

Ļis underlying subtlety has been painfully problematic
in regards to previous asymptotic and numerical treatments
of the nonlinear ship-wave problem. In [ȝ], Dagan and
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Tulin showed that the analysis near a three-dimensional ship
can be reduced to studying the two-dimensional ideal łow
problem where the ship is modeled as a semi-inŀnite body
with constant draft. Ļis fully nonlinear free-surface prob-
lem was ŀrst computed by Vanden-Broeck and Tuck [Ȟ],
and on the basis of numerical evidence, they conjectured that
ship hulls with a single front face will always generate waves
(such as in Figure Ș).

Moreover, the earlier experimental work of Baba [Șȗ]
had indicated that a bulbous bow can eliminate, or at least
reduce the splash at the bow of a ship¹. Ļis prompted the
discovery of seemingly waveless ships with bulbous proŀles,
ŀrst by Tuck and Vanden-Broeck [ȟ] and later conŀrmed by
Madurasinghe [ȘȘ]—but again, only numerically so. Unfor-
tunately, these results were refuted by the more comprehen-
sive numerical study of Farrow and Tuck [Ƞ]; there, they had
written that, “Ļe free surface would at ŀrst sight appear to
be waveless, but on closer examination of the numerical data,
there are very small waves present” (see Figure ș).

Figure ș: Ļis seemingly waveless bulbous ship (their Figure ȝ) numerically
discovered by Tuck and Vanden-Broeck [ȟ] was later refuted by Farrow and
Tuck [Ƞ]. Do there exist ship hulls which are effectively waveless?

Clearly, these are questions one cannot easily answer us-
ing simple numerics! Indeed, in Reminiscences and Rełec-
tions: Ship Waves, ȋȓȏȊ-ȌȊȊȊ [Șș], Tulin asks:

“Ļe fundamental questions of whether such ris-
ing potential free-surface łows before bluff bodies
exist...still remain open...Is it demonstrable...that
continuous solutions will not exist in the limit of
vanishing speed?...Do nonbreaking łows exist at
all for surface-piercing ship forms of arbitrary form
and thickness, at any speed?”

However, with the recent development of techniques in ex-
ponential asymptotics (see for example [ț, ȘȚ]), we have
been able to resolve most of these questions.

Our key result is the demonstration that the formation
of waves near a ship is a necessary consequence of singulari-
ties in the ship’s geometry or its analytic continuation, such
as those corresponding to sharp corners. Afterwards, the
use of complex-plane asymptotics, optimal truncation, and
Stokes line smoothing can be applied to detect the Stokes

lines emerging from each singularity, and then to derive the
form of the exponential switched on as the line is crossed.

Ļe analysis has been applied in order to prove that cer-
tain ship proŀles will or will not produce a wake in the low-
speed limit. For example, ships with an odd-number of cor-
ners can be shown to always generate a non-zero wake (in
particular, this conŀrms the conjecture by Vanden-Broeck
and Tuck [Ȟ] for the rectangular stern). Analytical criteria
can also be derived for the existence of waveless ship forms
(such as the ship in Figure Ț).

Figure Ț: Our asymptotic analysis can be used to produce almost waveless
ships. In this ŀgure, we illustrate a ship with divergent corner-angles of ap-
proximately π/3 that can be made waveless to ŀrst order in ϵ for the correct
choice of α1, α2, and σ. It has a bulbous shape, and the waves produced
from each corner produces perfect phase cancellation (to ŀrst order).

Ļe theory can also be extended to the study of ships
that are not only piecewise linear, but also piecewise entire
(in their analytic continuation); this includes the class of bul-
bous hulls previously studied by the aforementioned authors
(see Figure ȝ).

Exponential Asymptotics & Gravity-Capillary Waves
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It’s well known that the study of water waves with both grav-
ity and surface-tension present contains numerous difficul-
ties not found when only one effect is included. For exam-
ple, in the classical ŀshing rod experiment of Rayleigh [Șț],
linearized theory predicts several regimes of interest for dif-
ferent values of the Froude and Bond numbers. However,
the nonlinear structure of the problem is much more com-
plex and many analytical and numerical studies have sought
to unravel the full spectrum of solutions [e.g. ȘȜ, Șȝ].

Much less is known on the topic of gravity-capillary
łows past obstructions which cannot be considered small.
For example, we could ask what is the effect of placing an
order-one trapezoidal object on the bottom of a stream and
how it differs from using a semi-circular object or a step.
Ļe standard technique is to linearise for small obstructions
and thus the geometry of the obstruction is ‘lost’. Instead,
we propose that the low-Froude and low-Bond approxima-
tion can be used to elucidate analytical details of these prob-
lems—under this simpliŀcation, the geometry of the ob-
struction is preserved at the expense of dealing with asymp-
totic divergence. Hence this is a singular perturbation prob-
lem, Stokes lines can be expected, and techniques in expo-

¹In the potential łow problem, a waveless solution past the stern (rear) of a ship is equivalent to a splashless solution at the bow (front) of a ship.
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nential asymptotics must be used to observe the switching-
on of waves (as illustrated in Figure ț).

Figure ț: In the case of a rectangular step, there exist Stokes lines origi-
nating from the corner and stagnation points. Ļere also exist additional
turning points (not shown) corresponding to when the two exponentially-
small waves are in phase; these may lie either on the bottom bed or on the
free surface. As the Froude and Bond numbers are varied, different solu-
tions are possible.

Here is an example of the novelty in this approach.
When ideal łuid łow is considered over a step, a lineariza-
tion of the free surface and the step height produces an
approximation which replaces the step by a point source.
As the Froude and Bond numbers tend to zero, there ex-
ist Stokes lines originating from the point and intersecting
the free surface. If there are two complex wavenumbers to the
linearized problem, then there are two symmetrical Stokes
lines; if there are two real wavenumbers, then the two Stokes
lines coalesce into one. Further analysis then tells us that in
the former case, the free surface is of solitary type, while
in the latter, there are capillary waves upstream and gravity
waves downstream.

Now instead, if we preserve the nonlinearity of the step
and take the limit as the Froude and Bond numbers tend to
zero, the Stokes line structure changes dramatically. Now,
there are Stokes lines emanating from the corner and stag-
nation point of the step (Fig. ț), as well as turning points
(which may also produce Stokes lines) lying along either the
boundary or the free surface. As the balance of the Froude
and Bond numbers change, the Stokes line structure also
changes, delineating regimes with different solutions. Even
more subtle is what happens if the geometry of the obstruc-
tion is changed, say to an angled step. Now, a single singu-
larity may in fact generate multiple Stokes lines.

Ļere is thus a rich variety of possibilities of changing
the Stokes-line structure and thus the range of possible so-
lutions, all depending on the choice of the bottom topogra-
phy as well as the crucial balance between Froude and Bond
numbers. Ļese possibilities have, in the past, gone unde-
tected by regular linear or weakly nonlinear theories.

In general, our research has led to (Ș) a theoretical dis-
covery of new gravity-capillary waves in the low-Froude,
low-Bond limit, (ș) a complete classiŀcation of such solu-
tions, and (Ț) a development of the necessary exponential
asymptotics for their description.

Resonant Solutions of Korteweg-de Vries Type Equations
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Ļe Korteweg-de Vries (KdV) equation was originally moti-
vated by the problem of modeling nonlinear waves in shallow
water, but in recent years, generalizations and variations of
the original KdV have been proposed in conjunction with
other physical systems. For example, consider

ut − γuxxx + ∆ux + αuux + βu2ux − µuxx = f(x),

where the coefficients are physically-motivated constants.
Ļe equation represents a more general periodically forced
and damped extended KdV (eKdV) equation, which in-
cludes special cases of modiŀed KdV (mKdV, α = 0), and
regular KdV (α = 0) equations. Each KdV-type equation
has been associated with a wide range of physical applica-
tions, from shallow water in a tank subjected to forcing at
one end [ȘȠ] to transcritical łow of a stratiŀed łuid [șȗ].

In problems where both nonlinear and forcing effects
are strong, it’s known that a rich array of steady solutions
emerge. And although analytic studies in this regime had
been performed, they remained limited in their scope. How-
ever in [șȝ], Amundsen, Cox, and Mortell developed a gen-
eral framework based on singular perturbation and asymp-
totic matching in the context of the forced KdV. Our work
extended these techniques to the case of the mKdV and
eKdV equations, thus providing a more global perspective
of the similarities and differences between the various KdV
formulations.

In fact, our work provided a uniŀcation of the various
KdV-type equations through an elegant asymptotic method-
ology; this produced a clear interpretation of general eKdV
solutions as combinations of KdV and mKdV-like charac-
teristics. Moreover, the resonant response of these equations
was explored using ōšŠś (Figure Ȝ) and approximations to
the solutions, as well as the critical transitions between the
various KdV-type equations were derived.

Figure Ȝ: Resonant response for the eKdV equation with dispersion γ =
.005, damping µ = .0015, forcing f(x) = cos πx, quadratic nonlinearity
α = 2, as the cubic nonlinearity β is increased. Near the value β ≈ 0.1037,
a homoclinic orbit turns into a heteroclinic orbit.
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Figure ȝ: Exponential asymptotics can be applied to study the waves behind an N-Hull, a linear-piecewise ship with N corners (top left). If the contributing
singularities are sufficiently widely spaced, each corner produces a wave with a given analytical form (bottom left); if not, then ‘inner regions’ with multiple
singularities must be studied (top right). Research on smoothed hulls is ongoing (bottom right).
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