Solutions for PS10

1. (Poisson’s equation)

Let w = u — v. Then we have

V2w=0 inV,
ow ow
[D] w=0 [N] =~ =0 [M] Aw+B-- =0 ondV.

Multiply the PDE by w and integrate

ﬂ" wVwdV =0
= ﬂﬂ (wVw) |Vw|2] dv =0
;»Hj|v@u| dv = ﬂjv (wVw)dV = ﬂw—ds

The second line uses V - (wVw) = |[Vw|* + wV?w. The third line uses the Divergence
theorem. Define now the total bending or potential energy

E= w IVw|?dV. ()

With both Dirichlet and Neumann conditions, conclude that F(¢) = 0 since either w = 0

or 22 = ( on the boundary. The only way the integral of |Vw|? in (1) is zero is if w, =

w, = w, = 0 everywhere in V. The only way this happens is if w = C, constant in V.
* For [D] w = 0 on the boundary so necessarily C' = 0.
* For [N] solutions are defined up to a constant.

* For [M], on the boundary, we have that
ow A

so we conclude that

A 2
—f ZutdS <0,
oV

where the inequality follows form the assumption A and B are of the same sign.

However, by (f), £ must be non-negative. Hence £ = 0. Hence by the same logic
as above, w = C, constant. However, since Aw + B g—:‘; = 0 on the boundary, then
C' = 0. Solutions are unique.

We conclude that:

Dirichlet = w = 0 = unique
Neumann = w = C' = up to a constant

Mixed = w = 0 = unique
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2. (Heat equation)
Let w = u — v. Then we have

w, = kV*w inV,

w(x,0) =0 inV,

[D] w=0 [N] gn 0 [M] Aw—{—Bg—::O on JV.

Multiply the PDE by w and integrate, using V - (wVw) = |Vw|* + wV?w. This gives

H ww dV = HH wVwdV
dt fﬂ FwdV = F&Hw— ds — HHJ Culdv

Define the energy

= [ furar m

» With both [D] and [N] conclude that

o ([ 1vul?av <o
|4

Thus E cannot increase for all time. However, by the initial condition

w(z,0) = 0= E(0) = m %w(m, 0)dV = 0.

Thus the F(t) = 0 for all time. The only way this can happen is if w? is zero for all

time. Hence for both Dirichlet and Neumann conditions, solutions are unique.

* It remains to prove the case of [M]. On the boundary, we have that
ow A

=——w

on B

so we conclude that

& ([ Surds — [[[ Ivul?av <o
oV Vv

where the inequality follows form the assumption A and B are of the same sign.
Exactly the same logic as above prevails and we must conclude that E is constant for
all time. However, £(0) = 0 so E must be zero. Finally if E(t) = 0, then w(z,t) is
identically zero by the form of (f). Solutions are unique.

We conclude that:

Dirichlet = w = 0 = unique
Neumann = w = 0 = unique

Mixed = w = 0 = unique
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3. (Wave equation)

'The proof is almost identical to the others.

Let w = uw — v. Then we have

wy =V inV,
w(x,0) =0 w(x,0)=0 inV,

[D] w=0 [N]g—w:o [M] Aw+Bg—w:O on AV
n n

Multiply the PDE by and integrate. You will need to use the adjusted identity:

V- (w,Vw) = V(wy) - Vw + w,Viw = 9

ot

1
{EIV'LUF} + w Vw.

giving
fj wiwy dV = ¢ ff w, Viw dV
v v

it [ o+ ooy = [f duiias

E(t)

From here, all steps are largely identical, but you must argue carefully. For example, for
Dirichlet, note that if w(z,t) = 0 on the boundary, then w;(z,t) = 0 as well on the
boundary (since partial differentiation in ¢ does not affect the values of ).

For mixed conditions, there is a trick. If you go through the steps above, you should get

i ][t 4 rvurlay = <0G [ s

Instead incorporate the term on the right into the definition of energy,

% (w [%w? + %2|Vw|2} dv + %/2%% dfvf w? dS) =0.

So now you are back to E’(t) = 0 for a slightly different energy. Either way, energy is
constant, and finally argue w = 0.

Make sure you can go through all three cases in the same way.

We conclude that:

Dirichlet = w = 0 = unique
Neumann = w = 0 = unique
Mixed = w = 0 = unique
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